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Abstract
In this paper we investigate a new graph reconstruction problem which was introduced in a paper by Levenshtein, Konstanti-
nova, Konstantinov and Molodtsov [Reconstruction of a graph from 2-vicinities of its vertices, Discrete Appl. Math., accepted for
publication], motivated by reconstruction of chemical compounds. It consists of the exact reconstruction of an unknown simple
connected graph G from subsets of vertices which are metric balls of radius r (r2) around all its vertices. A metric ball of radius
r about vertex v is the set of all vertices of distance at most r from v. The value t (r) is introduced which is equal to the minimum
number t such that a simple connected graph G without terminal vertices with girth at least t is reconstructible from metric balls of
radius r around all its vertices. Consideration of the cycle graph with 2r + 2 vertices shows that t (r)2r + 3. We conjecture that
t (r) = 2r + 3. The main result is the upper bound t (r)2r + 2(r − 1)/4 + 1 which, in particular, implies that this conjecture is
true for r = 2, 3, 4, 5. Moreover, it is proved that t (r) = 2r + 3 if the knowledge of metric balls of radius r around all vertices of a
simple connected graph G without terminal vertices with girth at least 2r + 3 allows one to determine at least one edge of G.
© 2007 Published by Elsevier B.V.
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1. Introduction
Let G = G(V,E) be a simple connected graph with a labelled set V of vertices and a set E of edges. We denote by
dG(x, y) the path distance between vertices x and y and by g(G) the girth (the minimum length of a cycle) of G. A
vertex x ∈ V is called terminal if only one edge contains it. For any x ∈ V and any nonnegative integer i we consider
the set
Si(x,G) = {y ∈ V : dG(x, y) = i}
of all vertices at distance i from x and denote by
Bi(x,G) =
i⋃
j=0
Sj (x,G)
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the metric ball of radius i with center at x consisting of all vertices at distance at most i from x. G is omitted in the
notations Si(x,G) and Bi(x,G) if it is clear what graph G is considered.
We investigate the problem of the exact reconstruction of an unknown graph G from all its metric balls Br(x,G),
x ∈ V , of a given radius r (r2). Thus, we suppose that for the reconstruction only the collection of all metric balls
Br(x,G) is available with indication of their centers x ∈ V . For precise formulation of the problem we ﬁx a family H
of graphs and will say that G ∈ H is reconstructible from metric balls of radius r of its vertices or for short it is radius
r reconstructible if any two graphs G(V,E) and G′(V ,E′) of this family (with the same vertex set) are identical (i.e.,
E = E′) under the condition that
Br(x,G) = Br(x,G′) for all x ∈ V .
There exists a natural generalization of the deﬁnition to graphs which are reconstructible from metric balls of radius r
of its vertices up to isomorphism; however, we do not consider such a reconstruction problem in the paper.
We compare the well-known Ulam reconstruction problem (see [4,1]) with our setting. The Ulam problem consists
of the reconstruction, up to isomorphism, of an unknown simple connected graph G = G(V,E) with n vertices from
the multiset of n graphs which are isomorphic to subgraphs of G induced by all, but one, of its vertices. Note that
our problem allows us to consider exact reconstruction of an unknown graph G. However, the main distinctness is
connected with the information which is available for the reconstruction. In both cases a collection of n objects A(x)
which correspond to vertices x ∈ V is given. For the Ulam problem A(x) are graphs induced by the remaining n − 1
vertices and given up to isomorphism, while in our case A(x) = Br(x,G) are subsets of vertices at distance at most r
from x ∈ V . Thus, instead of the global information on the whole graph G without a given vertex x, local information
is used represented by a list of elements of the set Br(x,G). There are also variants of these two problems depending
on whether the mapping x → A(x) is known or not. We consider here the case when this mapping is available, that is,
for the collection of metric balls Br(x,G), their centers are known. Note that the problem of the graph reconstruction
up to isomorphism from metric balls of radius r of its vertices has a sense even for r = 1 when these centers are not
known.
The graph reconstruction problem under consideration was introduced and investigated for r = 2 in [3]. The main
result of [3] is the statement that any graph of the family H consisting of simple connected graphs G with girth at least
7 and with a path of length at least 4 passing through any (possibly terminal) vertex is reconstructible from metric balls
of radius 2 of all its vertices.
The results of this paper presented in the Abstract were announced in the review paper [2] without proofs.
2. Reconstruction of graphs without terminal vertices
We consider this reconstruction problem for the family H(t) of simple connected graphs G = G(V,E) without
terminal vertices for which g(G) t . For a ﬁxed integer r2, let t (r) be the minimal t such that any graph G ∈ H(t)
is radius r reconstructible. Formally, the correctness of this deﬁnition of t (r) follows from the result below which
guarantees that any graph G ∈ H(t) is radius r reconstructible if its girth t is sufﬁciently large compared with the
radius r.
Lemma 1. For any integer r2,
t (r)2r + 3. (1)
Proof. We show that the cyclic graph C2r+2 with the set of vertices V = {0, 1, . . . , 2r + 1} and 2r + 2 edges {0, 1},
{1, 2}, . . . , {2r, 2r + 1}, and {0, 2r + 1} is not reconstructible from metric balls of radius r of its vertices. Note that
any x ∈ V/{0, r + 1} belongs to Br(0) and Br(r + 1) and hence {0, r + 1} ∈ Br(x). It follows that if 0 and r + 1 are
replaced by r + 1 and 0, respectively, we get a different (for r2) graph with the same vertex set and the same metric
balls of radius r. (The bijection i → r + 1 − i if 1 ir and i → 3r + 3 − i if r + 2 i2r + 1 shows that these
graphs are isomorphic.) 
Conjecture 1. For any integer r2,
t (r) = 2r + 3. (2)
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The main result of the paper is the upper bound t (r)2r + 2(r − 1)/4 + 1, which, in particular, implies that this
conjecture is true for r = 2, 3, 4, 5. Moreover, we give a sufﬁcient condition for the validity of this conjecture.
Throughout this section we ﬁx
(i) integers r (r2) and a (a2),
(ii) a simple connected graph G = G(V,E) without terminal vertices for which g(G)2r + a + 1,
(iii) a vertex z ∈ V .
Our goal is to ﬁnd conditions which, for an arbitrary z ∈ V , allow one to uniquely determine the set S1(z) of its
neighbors using metric balls Br(x), x ∈ V , and hence to reconstruct G. To this end we introduce some notation and
deﬁnitions and prove some auxiliary statements.
Denote by T = T (z) the subgraph of G induced by vertices of Br(z). Since g(G)2r + 2, the subgraph T = T (z)
is a tree with a distance dT (x, y). It is clear that dG(x, y)dT (x, y) for all x, y ∈ Br(z). Since g(G)2r + 2, for any
x, y ∈ Br(z) we also have
dG(x, y) = dT (x, y) if dT (x, y)r + 1. (3)
Wewill consider T =T (z) as a tree with the root z. If S1(z)=(x1, . . . , xm), thenm2, sinceG has no terminal vertices,
and the graph induced by vertices Br(z)\{z} is partitioned into m disjoint subgraphs, called branches of T, which are
trees with roots at the vertices xi , i = 1, . . . , m. In Fig. 1 a tree T induced by B6(z) for a graph G with g(G) = 15 is
given above the dotted line. This tree has two branches.
For any x ∈ Br(z) we put
Ir (z, x) = Br(z) ∩ Br(x).
A vertex x ∈ Br(z)\{z} is calledmaximal if Ir (z, x) ⊂ Ir (z, y)with y ∈ Br(z) implies that y=z. Thus, the maximality
of x ∈ Br(z)\{z} means that there is no vertex y ∈ Br(z)\{z} such that Ir (z, x) ⊂ Ir (z, y).
Lemma 2. Any vertex x ∈ S1(z) is maximal; any vertex x ∈ Si(z) for 2 ia is not maximal.
Proof. Let x ∈ S1(z). We show that, for any y ∈ Br(z)\{z, x}, there exists u ∈ Ir (z, x) such that u /∈ Ir (z, y). If x
and y belong to the same branch of T and hence y ∈ Si(z) for 2 ir , we can take u as a vertex in a different branch
such that dT (y, u) = r + 1. Then by (3) dG(y, u) = r + 1, dT (x, u)r and hence u ∈ Ir (z, x), u /∈ Ir (z, y). If x and
y belong to different branches of T , we can take u as a vertex in the branch containing x such that dT (y, u) = r + 1.
We also have u ∈ Ir (z, x), u /∈ Ir (z, y) that contradicts to Ir (z, x) ⊂ Ir (z, y). Thus, any x ∈ S1(z) is maximal. Let
now x ∈ Si(z) for 2 ia and let z, z1, . . . , zi with zi = x be successive vertices in the path connecting z with x.
We show that x is not maximal. Note that for any u ∈ Br(z) we have dT (x, u)r + i and hence dG(x, u)r implies
that dG(x, u) = dT (x, u) since g(G)2r + a + 1> 2r + i. Therefore, the path in T connecting x and u ∈ Ir (z, x)
either contains the edge {zi−1, x} or dG(x, u)= dT (x, u)r − i < r . It follows that Ir (z, x) ⊆ Ir (z, y) where y = zi−1
and this inclusion is strong, because there exists a vertex u in another branch such that dG(x, u) = dT (x, u) = r + 1,
dG(x, zi−1) = dT (x, zi−1) = r . 
We call a set X ⊆ Br(z)\{z} a covering set for Br(z) if
Br(z) ⊆
⋃
x∈X
Ir(z, x).
It is clear that |X|2 for any covering set X since T has at least two branches and two vertices at the distance r + 1 in
T (and in G due to (3)). Given a covering set X for Br(z) we call a vertex x ∈ Br(z) centered for X, if X ⊆ Br(x) and
bordered for X, if |X ∩ Br(x)| = 1. The vertex z is centered for any covering set X.
We call a covering set X for Br(z) dense if the following conditions are satisﬁed:
(a) Any vertex of X is maximal.
(b) Any vertex of X is centered for X.
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Fig. 1. A tree induced by B6(z) for a graph G with g(G) = 15.
(c) Any vertex x ∈ Br(z) is either centered or bordered for X.
(d) If x /∈Br(z), then |X ∩ Br(x)|1.
Note that using metric balls Br(x), x ∈ V , one can determine all subsets X ⊂ Br(z) which are covering and dense
covering sets forBr(z).We shall check below thatX=S1(z) is a dense covering set forBr(z). In Fig. 1 three vertices of
the right branch, indicated by ringed vertices, form another dense covering of the set X for B6(z). All bordered vertices
for the set X belong to the left branch and they are indicated by squared vertices.
Lemma 3. If x and y belong to a dense covering set for Br(z), then
dT (x, y)r .
Proof. By the property (b) dG(x, y)r . Therefore, if dT (x, y)> r , then in G there exists a path of length at most r
which connects x and y and contains a vertex u /∈Br(z). Then {x, y} ⊆ Br(u), which contradicts the property (d). 
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Lemma 4. All vertices of a dense covering set X for Br(z) cannot belong to the same branch of T if X ∩ S1(z) is not
empty or a2(r − 1)/4.
Proof. Suppose that all vertices of X belong to the same branch of T. Since |X|2, there exist at least two vertices x
and y of X which belong to the branch. They must differ from a neighbor of z in this branch since otherwise the property
(d) is not satisﬁed. In particular, this proves Lemma 4 whenX∩S1(z) is not empty. Let now a2(r−1)/4 and hence
2ar − 1, a2. By the property (a) and Lemma 2, we can assume that X ⊆⋃jh=i Sh(z) where a + 1 ijr and
x ∈ X∩Si(z), y ∈ X∩Sj (z). Note that j − ir −a−1 with equality if and only if j = r and i =a+1.We show that
these equalities are incompatible and hence we have j − ir − a − 2. Indeed, let j = r . By Lemma 3 and the property
(d), we have dT (x, y) = r since otherwise {x, y} ⊆ Br(u) for some vertex u /∈Br(z). Then dT (z, y) = dT (x, y) = r
and the number i should be even because x and y belong to the same branch. Hence ia + 2. Thus, j − ir − a − 2.
Now we consider a vertex u in another branch such that dT (u, x) = r + 1. Since X is a covering set for Br(z),
this vertex u must belong to Br(w) for some vertex w ∈ X ∩ Sh(z) where i < hj . Therefore, dG(w, u)r and
r +2dT (w, u)r +1− i +h.This implies the existence of a cycle of length at most 2r +1− i +h. Since r2a+1
we have
2r + 1 − i + h2r + 1 − i + j3r − a − 12r + a,
which contradicts the condition g(G)2r + a + 1. 
Lemma 5. Let X be a dense covering set for Br(z), x ∈ X ∩ Si(z) where a + 1 ir , and let B be the set of vertices
in a branch which does not contain x. Then the number of bordered vertices belonging to B is larger than |B ∩ Sr(z)|.
Proof. Let
U(x) = {u ∈ B ∩ Sr(z) : dG(x, u)r}.
If U(x) is empty, then the statement is true since B ∩ Sr(z) consists of bordered vertices, by the property (c), and a
vertex u ∈ B such that dT (x, u)= r + 1 is also bordered and u /∈ Sr(z). If U(x) is not empty, for any u ∈ U(x) denote
by v(x, u) and w(x, u) the vertices of B at distances r + 1 − dG(x, u) and r + 2 − dG(x, u), respectively, from u on
the path in T connecting u and z. Now we use the fact that g(G)2r + 3. In particular, it follows that dG(x, u)3
for any u ∈ U(x). Then we note that in G there exist paths of length r + 1 and r + 2, respectively, connecting x with
v(x, u) and w(x, u), and hence dG(x, v(x, u))> r , dG(x,w(x, u))> r . Therefore, these vertices v(x, u) and w(x, u)
are bordered. At last all vertices v(x, u) are different for different u ∈ U(x); otherwise there exists a cycle of length at
most 2r + 2. 
Lemma 6. A dense covering set X forBr(z)with the minimum cardinality of bordered vertices is unique and coincides
with S1(z) if X ∩ S1(z) is not empty or a2(r − 1)/4.
Proof. First we show that S1(z) is a dense covering set X for Br(z). The property (a) is proved in Lemma 2. The
properties (b) and (c) are evident for r2. The property (d) is valid since if |X ∩ Br(x)|2 for x /∈Br(z), then
x ∈ Sr+1(z) and there exists a cycle in G of length 2r + 2. Note that the dense covering set S1(z) for Br(z) has |Sr(z)|
bordered vertices. A subset X ⊂ S1(z) is not a covering set for Br(z) since all vertices of Sr(z) in the branches with
absent neighbors lie at distance r + 1 in T (and hence in G, by (3)) from all other neighbors. So it is left to prove that a
dense covering set X for Br(z) which contains at least one vertex x which is not a neighbor of z (and hence, by Lemma
2, x ∈ Si(z), where a + 1 ir) has a larger number of bordered vertices. By Lemma 5, it is true if X has at least
two such vertices in different branches. Therefore, by Lemma 4, we can assume that X contains at least one neighbor
y ∈ S1(z) in another branch. Moreover, x ∈ Si(z) where a + 1 ir − 1, since x /∈ Sr(z), by Lemma 3. Therefore,
all vertices of Sr+1−i (z) which belong to the same branch as y are bordered. Since 2r + 1 − ir − a < r , they do
not belong to Sr(z) and differ from y. It is left to prove that a vertex of Sr(z) cannot belong to both Br(x) and Br(y),
and hence all vertices of Sr(z) are bordered by the property (c). This is clear for the vertices of Sr(z) which are at tree
distance r + 1 from y. If a vertex u ∈ Sr(z) belongs to the same branch as y, then dT (x, u) = r + i. It cannot belong
to Br(x) since for dG(x, u)r there exists a vertex w ∈ Sr+1(z) such that {x, y} ⊆ Br(w), and this contradicts the
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property (d). Thus, a dense covering set X for Br(z) distinct from S1(z) (if such exists) must have a larger number of
bordered vertices. This completes the proof of Lemma 6. 
Theorem 1. For any integer r2,
t (r)2r + 2
⌈
r − 1
4
⌉
+ 1. (4)
Proof. A simple connected graph G = G(V,E) without terminal vertices for which g(G)2r + a + 1 where a =
2(r −1)/4 is radius r reconsructible, if for any z ∈ V one can determine S1(z). Using metric balls Br(x), x ∈ V , one
can construct all dense covering sets for Br(z) and ﬁnd a dense covering set X for Br(z) with the minimum cardinality
of bordered vertices. By Lemma 6, X = S1(z), and this completes the proof. 
Corollary 1.
t (r) = 2r + 3 for r = 2, 3, 4, 5. (5)
Our arguments are not sufﬁcient to prove Conjecture 1 for r=6. Fig. 1 gives an example of a graphGwith g(G)=15
and of a dense covering set for B6(z) of three (ringed) vertices for which the number of bordered vertices equals 9 and
coincides with the number of bordered vertices for the dense covering set formed by two neighbors of z.
Theorem 2. If for any simple connected graph G = G(V,E) without terminal vertices for which g(G)2r + 3 one
can determine at least one edge {z, y} ∈ E using all metric balls Br(x), x ∈ V , then t (r) = 2r + 3.
Proof. If one can determine an edge {z, y} ∈ E using all metric balls Br(x), x ∈ V , then, by Lemma 6, it is possible
to ﬁnd S1(z) (and S1(y)). Since the unknown graph G = G(V,E) is assumed to be connected, one can determine all
S1(z), z ∈ V , step by step and reconstruct the graph G. 
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